In this study a possible application of time-dependent canonical perturbation theory to a fast nonlinear time-periodic Hamiltonian with
Previous works (Goldstein, 1980; Tabor, 1989; Rand, 1994; Hyams and Month, 1984: Month and Rand, 1980) have shown that canonical perturbation theory can be used to study the stability and obtain approximate solutions to systems with autonomous Hamiltonians of the form H = Ho + €H, where the unperturbed part Ho can be solved exactly, HI is the nonintegrable perturbation, and € is a small parameter. In the event the perturbation contains a periodic time-dependence as H(t) = Ho
+ €H. (t), H, (t + T) = HI (t)
, at least two possible approaches (which yield equivalent results) exist. One option is to eliminate time via an extended phase space and employ canonical perturbation while another is to apply the time-dependent canonical perturbation theory directly as shown oy Lichtenberg and Liebennan ( 1983) . In these problems the unperturbed Hamiltonian Ho always remains time independent. However, many problems in classical and quantum mechanics have a time-periodic Hamil-
tonian of the form H(t) = Ho(t) + €HI(t), H(t + T) = H(1)
in which the unperturbed part is time periodic as well. Timedependent canonical perturbation or similar perturbation techniques cannot be applied in these cases unless (I) the time variation in Ho(1) is slow. Le., Ho = Ho(€t) (Lichtenberg and Liebennan, 1983) ; or (2) the pseudo-stationary states of Ho(1) are known (Lo, 1991) ; or (3) Ho(t) can be separated into constant and time-periodic parts as Ho(t) = Ho + €lfo(1) where the time-periodic part is of the same (small) order as the perturbation. In the third case the internal excitation is weak and the ; i I To whom all correspondence should be addressed. E-mail: ssinha@eng .aubum.edu.
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Manuscript received by the ASME Applied Mechanics Division. Dec. 10. 1996 (1) is not small or Ho = 0, however, then the internal excitation is strong and (if the first two cases above still do not hold) another procedure must be found.
Here we consider the case of a fast (Le., not slow) timeperiodic quadratic Hamiltonian with strong internal excitation (such that the cases mentioned above are not applicable) perturbed by nonlinear monomials of cubic or higher order which might have periodic coefficients. It is shown that the Hamiltonian may be canonically transformed to an equivalent form in which the unperturbed quadratic part is time-invariant and the perturbation is time periodic so that time-dependent canonical perturbation theory may be applied. For this purpose. the Liapunov-Aoquet (L-F) transformation associated with the unperturbed time-periodic quadratic Hamiltonian Ho(1) and its inverse are computed using a recently developed technique (Sinha and Joseph, 1994 : Sinha and Pandiyan, 1994 : Pandiyan and Sinha. 1995 . While the fonnulation is applicable to systems of arbitrary dimension. a single-degree-of-freedom Mathieu-Hill quadratic Hamiltonian with an autonomous cubic perturbation is chosen here to illustrate the technique. It is shown that the proposed procedure enables one to obtain accurate solutions in action-angle coordinates which may be transformed back to the original phase-space coordinates for an arbitrarily large internal excitation. These solutions are compared to the results obtained using the classical method of direct perturbation analysis which diverge from the true solutions as the excitation strength is
increased. An example with Ho = 0 is also presented where the L-F transformation approach is absolutely essential.
Problem Formulation
and Analysis Consider a nonlinear time-periodic Mathieu-Hill Hamiltonian of the form
\ where x and Px are the generalized coordinate and momentum, respectively, /3 is the internal excitation strength (not necessarily small), and E~I is the small perturbation parameter. This Hamiltonian models various parametrically excited single-degree-of-freedom systems under the influence of asymmetric restoring forces. The mass and frequency of the quadratic autonomous (/3 = E = 0) Hamiltonian have been set to identity while the internal excitation frequency has been set to 211". Thus, the system is away from the primary 2: I resonance as shown in the stability diagram of the linearized (E = 0) system in Fig. I 
which may be written in vector-matrix form as
where the state vector, I-periodic Hamiltonian system matrix, and nonlinear vector are x = (:) ;
The fundamental solution matrix .p(t) of the linear part of Eq. (4) satisfies
4>(t) = A(t).p(t);
.p(0) = 12 1 2 3 4 linear autonomous frequency 6 and the eigenvalues (F1oquet multipliers) J.l1.2of .p( I) determine the stability of the (0, 0) fixed point where IJ.li I = I for (neutral) stability. From F10quet theory, 1>(t) can be factored in two ways as
where L( t) = L(t + I) is the I-periodicLiapunov-Floquet (L-F) matrix and Q(t) = Q(t + 2) is the 2-periodic L-F matrix. If Re(J.lu) > 0, then L( t) = Q(t) are both I-periodic and the eigenvalues of C = R are the characteristic exponents. If
Re(J.LI.2)< 0, then L(t) *-Q(t), C *-R, and only the eigenvalues of C are the characteristic exponents. If J.l1.2 are negative real, then LCt) and C are complex while Q(t) and R remain real (Y akubovich and Starzhinskii, 1975) . Equation (4) can be transformed using one of the L-F transformation matrices as x =P(t)y (8) which results in
where PCt) = L(t) or Q(t) and G = C or R. respectively. It should be noted that the linear system matrix in Eq. (9) is time-invariant and that the nonlinear terms now have periodic coefficients with period I or 2. The transformation of Eq. (8) is canonical (i.e., preserves the form of the Hamiltonian) since
and G is Hamiltonian with tr (G) = 0 regardless of the L-F matrix used. Details on the computation of L (t ), Q (t), C, and R by expanding A(t) and .p(t) in shifted Chebyshev polynomials can be found in the papers by Sinha and Joseph (1994) , Sinha and Pandiyan (1994) , and Pandiyan and Sinha (1995) . It is also shown in these papers how the inverse transformation 
is then made via the real constant symplectic modal transformaunstable 5 7 12 8 9 11
Fig. 1 Stability diagram with period 4 (P-4) solutions and the period-doubling (P-2) destabilization boundary for the linearized IE~0) system. The linear autonomous frequency is held at one while fJ is increased. 210 I Vol. 65, MARCH 1998 Transactions of the ASME tion matrix M which is nonnalized such that det (M) = IApplying Eq, (10) to Eq. (9) then yields
where the gij(t)'s are periodic functions of time with period I or 2 and
it K is in real Jordan fonn (for stable cases) which is equivalent to real Hamiltonian nonnal fonn for the 2 X 2 case only. Higher dimensional problems require an additional pennutation transfonnation from real Jordan fonn to real Hamiltonian nonnal fonn (Butcher and Sinha. 1995) . £<10 is the real number associated with one of the imaginary eigenvalues of the C or R matrix and is also the € = 0 approximation to the oscillation frequency in the transfonned coordinates. The linear part of Eq. (II) has been also expressed in symplectic fonn via the symplectic coefficient matrix J and the symmetric matrix S. In order to derive the transfonned Hamiltonian. the nonlinear vector is also expressed in symplectic fonn as , "..
.~E quation ( 13) can be integrated to yield the transfonned Hamiltonian :;:..
-.'-.-. . ' .
H(z, t) = Ho(z) + EH,(z, t)
where the new time-invariant unperturbed tenn and time-periodic perturbation are given by Ho(z) =~£<Io(pZ + qZ).
HI(z. t) = h,(t)q3 + hz(t)qZp + h)(t)qpZ + h4(t)p3, h.(t) = gZI(t), hz(t) =~g22(t)-3gll(t).
.'
It should be observed that if the nonlinear perturbation in Eq. ( I) had periodic coefficients. the fonn of the transfonned Hamiltonian in Eqs. ( 14) and ( 15) would remain the same. Equation ( 14) is now suitable for application of time-dependent perturbation theory. First. one of the phase-space variables is eliminated from the unperturbed Hamiltonian Ho(z) via the canonical transfonnation
to action-angle variables (l, (J). The Hamiltonian can thus be expressed as
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The canonical perturbation of Eq. (17) proceeds as shown by Goldstein ( 1980) and Tabor( 1989) 
It is desired to chose SU. (J, t) so that the new Hamiltonian K (J) , sometimes called the Kamiltonian (Goldstein, 1980; Rand. 1994) . is only in tenns of the new action thus making the solution to the equations of motion trivial. For this purpose. K(J) is expanded in powers of Eand the time-dependent Hamiltonian-Jacobi equation
is employed. Equations ( 18) - ( 20) yield
where Taylor's series expansion and the fonnula £<10 = aHo/af have been used. In order to eliminate the (J and t-dependence in K,(J) and Kz(J), the averages
and oscillations 
To find K2(1), S,(1, a. t) must first be computed. This is accomplished by expressing it and H, (1. 8, t) in real Fourier series as
Insening this into Eq. (25) (Lichtenberg and Lieberman, 1983) .
It is also desired to find the approximate average amplitude A in the original coordinates which can be physically measured.
Since I = J to order O(Eo), the amplitudeis A = .fij (34) (29) in (q, p) coordinates.It was found that Eq.(34) also gives a reasonableamplitudein (x. p,) coordinatesfor most valuesof "'" 12with small periodic deviations and the motion in original coordinates is almost periodic. Although the motion appears more erratic as f3 becomes large, the proposed formulation still yields accurate solutions since the exact L-F transformation matrix (and its inverse) are utilized in obtaining the solutions. As will be seen in Section 3, when the excitation strength approaches the value for period-doublingdestabilizationat f3 = 16.23, a maximum amplitude results which significantlyexceeds the value computed from Eq. (34).
As an example, the case of f3 = I is considered where all computations were performed using MATHEMA TICA. Since the multipliers (/-l1.2= 0.53437 :!: 0.84525i) are in the right half-plane, the L-F transformation matrices L(t) = Q(t) are 40) which is equivalent to the expression in Eq. (29) (41 ) and (34) are generally too small where the error increases with (3. This is shown graphically in Fig. 3 where the amplitudes calculated from the two formulations are plotted versus (3 up to the stability limit. For large (3,the assumption of weak excitation in Eq. (37) is incorrect since it does not account for the true dynamics of the entire quadratic Hamiltonian. Consequently. the resulting solutions from this formulation are smoothed approximations with amplitudes that are smaller than the true values tion is absolutely necessary in this case when using time-dependent canonical perturbation theory or any other similar procedure.
H([. B. t) = Ho(l) + E(HQ(l. B, t) + H,(l. B»
= 1 + E(2yl sin: (j sin 211't+ (2/)3/2 sin3 B)(
Conclusions
A method for the application of time-dependent canonical perturbation theory to a fast nonlinear time-periodic Hamiltonian with strong internal excitation has been suggested. The example of a Mathieu-Hill Hamiltonian with a cubic perturbation has been used to show that, if the time-periodic unperturbed part is quadratic, the Hamiltonian may be canonically transformed to an equivalent form in which the new unperturbed quadratic part is time-invariant. This is achieved through an application of the Liapunov-Floquet (L-F) transformation associated with the system. The unperturbed linear frequency in the tr~E1s"i'rmedcoordinates is the real number associated with one of ;'~. 'maginary eigenvalues of the resulting constant linear mamx ,lOdis negative in some instances depending on the type of L-F transformation employed, Time-dependent canonical pcr:~:,,::tion theory was then successfully applied to find the so!utwn in the original coordinates where all computations were perro~:~led using MATHEMA TICA. It was shown that these soiu , ;~swcre generally very accurate compared to numerically iJ1[,~",,,,cdresults. while perturbation solutions obtained directly usin" [he assumption of weak excitation were smoothed approximauu"s with reasonable frequencies but inaccurate amplitudes. As expected. the error increased with an increase in the strength of imcrnal excitation. Significant errors in the solutions compmeu via the proposed method were apparent only with the cxcjt~l:l()nstrength close to the destabilization boundary while the Dhysical meaning of the L-F transformation in the resulting dynamics at this location was obvious. This was also the case with :l nonlinear time-periodic Hamiltonian with no constant quadr:.ltic part where use of the L-F transformation was absolute!\ essential since the lack of a generating solution prohibited the thect application of any perturbation procedure. With the exciwrion strength greater than the stability limit in the MathieuHill Hamiltonian. only the L-F transformation correctly yielded an unstable solution. While the time-dependent perturbation method used here involved classical mixed-variable generating functrons. it should be noted that the same results could also be ol)[ained by using the L-F transformation in conjunction with tlme-dependent Lie transforms (Deprit. 1969) in which the canon lcal near-identity transformation (ct., Eq. ( 19)) expresses both oid variables in terms of the new such that the complicated inverSlOns of Eqs. (32) and (33) are avoided. Finally it must be poimed out that, while the examples presented here utilized consrant nonlinear monomial perturbations. the proposed formu!atlon works the same when the perturbation term in a quasilinear system such as ,
P7
. X.j H<x.!),.t)=2+(I+/3sm(27ft)) 2-tX .
I t = 24
Journal of Applied Mechanicsã lso possesses time-periodic coefficients as is typically the case in real problems after expanding a nonlinear function such as cos (x) in a truncated Taylor series about a periodic solution.
